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Abstract—This study presents a numerical solution of the transient conjugated heat transfer in a channel
flow with convection from the ambient. The solution takes wall conduction and heat capacity effects into
consideration. The effects of wall-to-fluid conductivity ratio K, the dimensionless wall thickness 8, the wall-
to-fluid thermal diffusivity ratio 4 and the outside Nusselt number Nu, on the interfacial heat flux,
interfacial and bulk temperatures are discussed in detail. Results show that wall effect plays a significant
role in the transient conjugated heat transfer problem. Particularly, the wall-to-fluid thermal diffusivity
ratio 4 has a decisive effect with regard to the speed of propagation of thermal energy from the wall-fluid
interface to the outer surface of the channel. In addition, the time required for heat transfer to reach the
steady state condition is longer for systems with larger K and § or smaller 4 and Nu,.

INTRODUCTION

CONSIDERABLE interest in unsteady characteristics of
heat transfer equipment has been stimulated by the
needs of modern technology, especially in relation to
use of automatic control devices for accurate regu-
lation of fluid systems involving heat exchange
devices. In power plates the thermal transients result-
ing from unsteadinéss in the thermal behavior can
significantly affect their control systems. These tran-
sients may be accidental as in the case of power surge
and pump failure, or they may be purposely intro-
duced as in the case of a change in operating level
occurring between different steady-state levels. In
many events the control system associated with an
apparatus must be planned with a knowledge of the
effect of the thermal characteristics of its various com-
ponents on the overall performance. Since heat trans-
fer exchange equipment commonly consists of an
assemblage of pipe or channel elements, one approach
to study heat exchange dynamics is to investigate the
unsteady behavior of a typical element, namely, a
single passage and its boundary walls.

Most heat transfer problems involve an interaction
of conduction in a solid wall and convection in an
adjacent fluid. The spatial and temporal variations of
the thermal conditions along the fluid—wall interface
are then not known a priori, but what is known is a
thermal boundary condition at some other surface of
the solid wall. For such cases, it is necessary to solve
the energy equations for the fluid and the solid wall
under the conditions of continuity in the temperature
and heat flux along the fluid—wall interface at every
instant of time. Commonly, problems of this kind are
referred to as the conjugated heat transfer problems.

Steady conjugated heat transfer in channel flow has

been investigated by several investigators in the past
two decades. For the case of a thermally inactive
wall and a low Peclet number flow, the effect of axial
conduction in the fluid was examined by a number
of investigators, and the relevant literature has been
brought together in Chapter 5 of ref. [1]. Wall con-
duction effects have been studied in refs. [2-4] for
flows where there is no axial conduction in the fluid.
The effects of the simultaneous axial conduction in
the fluid and the wall were examined by Faghri and
Sparrow [5], Wijeysundera [6] and Guedes et al. [7].

The simplest approach to the unsteady convection
heat transfer in a channel is under the assumption of
an extremely thin wall, i.e. effects of thermal capacity
and resistance of solid wall can be neglected. The
studies of the problem just mentioned were addressed
in refs. [8-13]. The results of such investigations are
only good for heat transfer in flows bounded by
extremely thin walls. In practical situations the chan-
nel wall is normally finite in thickness, and thereby
the thermal resistance associated with the conduction
heat transfer in solid wall and the process of thermal
energy storing in the wall during the transient state
must be included in the analysis.

The influences of heat capacity of a duct wall on
transient forced convection heat transfer in channel
flows have been examined by Sucec [14-16], Cotta et
al. [17], Li and Kakac [18] and Travelho and Santos
[19]. These contributions showed that it is of great
importance. Nevertheless, wall conduction still
remained untreated. The latter effects were inves-
tigated by Lin and Kuo [20], Olek er /. [21] and Lee
and Yan [22]. In these studies, the thermal condition
of a step change in heat flux or wall temperature along
the outer surface of a pipe wall is assumed.

The lack of information on unsteady conjugated
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specific heat of fluid [kJ kg™ ' K]
¢ specific heat of solid wall [kJ kg™ ' K™']
K wall-to-fluid conductivity ratio, k,,/k;
h, convective heat transfer coefficient
outside wall (W m~2K™']

i, j, k indices in the axial direction,
transverse direction and time step,
respectively

ky thermal conductivity of fluid
Wm~'K~']

k,, thermal conductivity of wall
Wm~'K™']

L dimensionless cooling length, //b

l cooling length [m]

Nu, outside Nusselt number, A, - b/k;

Pe Peclet number, 4bu, /o,

Q.. dimensionless interfacial heat flux
inlet or initial temperature [K]

T; flurd temperature [K]

T, ambient temperature [K]

T, wall temperature [K]

time [s]

inlet fluid axial velocity [ms~']
max  axial centerline velocity

L
3

NOMENCLATURE
A wall-to-fluid thermal diffusivity ratio, X dimensionless axial coordinates, x/b
oy [0t x axial coordinate [m]
a coeflicient of finite difference form Y dimensionless transverse coordinate, y/b
b half channel width [m] y transverse coordinate [m].

Greek symbols
o thermal diffusivity of fluid [m? s~ ']
oy thermal diffusivity of wall [m? s~ ']
B dimensionless wall thickness, §/b
é wall thickness [m]
0; dimensionless fluid temperature,
(Ti—TH(T.—-T,)

0, dimensionless bulk temperature

0, dimensionless wall temperature,
(To—TINT.—T,)

0. dimensionless interfacial fluid—wall
temperature

or fluid density [kg m~°]
pw  wall density [kg m™?]

T dimensionless time, t/(b*/a;).
Subscripts
b bulk quantity
e initial value at the entrance of the channel
f fluid
w wall
wi fluid—wall interface.

heat transfer in channel flow motivates the present
work. In this study, a numerical study is performed
to investigate the effects of wall heat capacity and wall
conduction on the transient heat transfer in a channel
experiencing a sudden change in ambient temperature.
The reason for considering a unit step change in ambi-
ent temperature instead of a unit step change in wall
temperature or wall flux is a more practical situation
and the solution is expected to be the same as that for
wall temperature change while Nu, — o, and that for
wali heat flux change while Nu, — 0 [6, 7, 16].

ANALYSIS

Consideration is given to an infinitely long channel
(— o0 < x < o0), with half channel width & and wall
thickness 4. A schematic diagram of the present prob-
lem is depicted in Fig. 1. The fluid entering the channel
has a uniform velocity u, and temperature 7. in the
far upstream end of the channel (x - — o). The fluid,
wall and ambient are considered to be initially iso-
thermal with the entering fluid temperature identified
as T,. The channel is directly exposed to the ambient
with an external heat transfer coefficient 4, over a
finite length (0 < x < /) and is externally insulated
both upstream (—o0 < x <0) and downstream

(/ < x < o) of the channel. Attime ¢ = 0, the ambient
temperature is suddenly changed to a new level T,.
Heat is transferred in the channel wall both upstream
and downstream of the cooling section by axial con-
duction. Heat is transported to the solid wall by con-
vection heat transfer at the solid—fluid interface. In the
fluid domain, the heat is transferred in the direction of
the flow by advection and conduction.

(A) Governing equations

Since the fluid is assumed to enter the channel in the
far upstream region, the flow can be regarded as
hydrodynamically fully developed in the region where

1<0, Ta=T,

Insulated Walt tzo, Ta=To
7

T
lb

- - b}

T ‘ [

E ‘ &

I
. )
Te 0 x

T

Cooling Section A

FiG. 1. Schematic model of paraliel plate channel flow.
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heat transfer is significantly present. By considering
the thermopbhysical properties of the fluid and wall to
be temperature independent, the energy transport
processes in the problem treated can be formulated
by the following non-dimensional equations:

Energy equation for the fluid
00,

0, 3%
e e A NEY

00,
G ax  ax? T ay?

| FiPe(l =YY

Energy equation f[or the wall

a0, y 80, 830, )
e Ao Tart | @)
(B) Initial and boundury conditions
The initial conditions are
=0, 0/=0,=1, —w<X<w. 3)

The goverming equations are subjected to the fol-

lowing boundary conditions:
Y=0, 00,/6Y=0, —w<X<w @)

—Nu,*0,/K, 0<X<x
Y=1+p 000Y =1

R otherwise
(5)
X—> —x, 0,=0,=1 ©)
X > o0, 00,/¢Y=200,/0Y=0 (7N

where the outside Nusselt number Nu, in equation (5)
is defined as [6, 7, 16]:

Nu, = h,* blk,. 8)

The conditions of the continuities in temperature and
heat flux along the fluid-wall interface are

0; = 0,
00,/8Y = K+ 0,/0Y

Y =1, (9a)
(9b)

where the dimensionless quantities are defined as

X = x/b, Y =p/b

T = t/(b*/o) L=1Ib

K = kyfk; A=,/
B =46/b, Pe = 4u bja,

0= (T-TH(T.—To)- (10)

The variables of engineering interest are the inter-
facial temperature, bulk fluid temperature and dimen-
sionless interfacial heat flux. These variables are
defined as follows:

0. = 0,(X, 1) = 0,(X, 1) (11
1 |
0h=_[ (I—Yz)ordY/J (1-Y)dy (12

Qwi = 60r/6 Y|y= i

13y
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SOLUTION METHOD

Because of the complex interactions between the
convection heat transfer in the flow and the con-
duction heat transfer in the channel wall across the
fluid-wall interface, the solution of the problem
defined by the foregoing equations can be better
solved by the numerical finite-difference procedures.
Since the governing equations. equations (1) and (2),
are elliptic in space and parabolic in time, the solutions
can be marched forward in time and swept in space
from upstream to the downstream of the cooling
region with iteration. For the purpose of numerical
stability, a fully implicit formulation in time is
adopted. The unsteady energy storage and advection
terms are approximated by backward ditference and
upwind difference, respectively. The axial and trans-
verse diffusion terms are approximated by the central
difference. The matching condition imposed at the
fluid—wall interface, equation (9b), so as to ensure
the continuity of heat flux, was recast in backward
difference for @0,/¢Y and forward difference for
¢0,./¢Y. The solution to the energy equations both in
the fluid and the channel wall can then be solved
simultaneously by the line-by-line method [23). There-
fore, equations (1) and (2) can be written in the finite
difference form:

a0 +a U =a+a 00 +a B (14)

ap 07+ a0+ a0 = a+ a0+ a0
(15)
(16)

where ¢} is the dimensionless temperature difference
at nodal point (4, j) at time m, and i, j and m are the
indices in the axial direction, transverse direction and
time, respectively. The « coefficients are omitted due
to the space limit. Although the left-hand sides of the
finite difference equations, equations (14)-(16), are
written in tridiagonal form, in fact these finite differ-
ence equations are not tridiagonal as evident from the
presence of the last terms on the right-hand sides.
However, they can be solved by the Thomas algorithm
[23], which is a very efficient numerical scheme for
tridiagonal matrices, with iterations for each time step
until a certain degree of convergence has been reached.

To obtain the desired accuracy, grids are non-
uniformly spaced in the axial and transverse directions
to account for the uneven vanations of §; and 0,,. The
grid point density is highest near the interface in the
transverse direction, and concentration is highest in
the neighborhood of X =0 and X = L in the axial
direction. In the transverse direction, the solid region
(1 € Y < |+ f) was equally divided into 30 intervals,
while in the fluid region (0 < Y < 1), 4] nodes were
employed and successively eniarged by 5%. Axially,
151 nodal points are distributed in the domain of
computation. The upstream, directly cooling, and
downstream regions are, respectively, divided into 40,
40 and 70 intervals. The step size near the beginning

e o 1 m
an 07+ anlly =g +a;s07 ) a0l
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Table 1. Comparisons of local interfacial heat flux Q,, for various grid arrangements for
K=10,=024=1and Nu, = |

\\{)(

\“‘/<\—, 301 x 81 x 61 I51 =81 x6l1 151 x41 x 31 76 x21 x16
£

T A 2964 7.036 2964  7.036 2964 7.036 2964 7.036
0.320 0.2217 0.2223 0.2212 0.2213 0.2210 0.2210 0.2257 0.2273
0.606 0.2506 0.2481 0.2502 0.2476 0.2502 0.2475 0.2512  0.2527
2.007 0.2530 0.1832 0.2529 0.1834 0.2528 0.1826 0.2508 0.1835
6.407 0.2576 0.1089 0.2557 0.1097 0.2548 0.1078 0.2480 0.1085
2021 0.2516 0.1048 0.2504 0.1054 0.2488 0.1031 0.2404 0.1013
321.39  0.2478 0.1021 0.2456 0.1010 0.2458 0.1009 0.2387 0.0999

I = Number of grid points in the longitudinal direction.
J = Number of grid points in the transverse direction in the fluid side.
L = Number of grid points in the transverse direction in the wall side.

(X =0) and end (X = L) are smallest. and they are
successively made larger by 5% in both positive and
negative X directions. As far as the time step is con-
cerned. the first time interval At, is taken to be 0.002
and every subsequent interval is enlarged by 10% over
the previous one.

To validate the proposed numerical algorithm, the
solution to the conjugated heat transfer in pipe flows
subjected to a uniform heat flux was first obtained.
The predicted interfacial heat flux is in excellent agree-
ment with that of Lin and Kuo [20]. The result for a
limiting case of steady-state conjugated heat transfer
with convection from the ambient was also obtained.
Good agreement with the results of Wijeysundera [6]
and Guedes et al. [7] was found. Furthermore, to
check the suitability of the finite-difference grid, the
predicted interfacial heat flux Q,; for a typical case
from various grids at several time instants is compared
in Table 1. It is clear in Table 1 that the differences in
Q.; for 301 x81x61 and 151 x41x31 grids are
always less than 2%. Therefore the 151 x 41 x 31 grid
is considered to be suitable for the present study.

RESULTS AND DISCUSSION

Inspection of the preceding analysis reveals that the
characteristics of transient conjugated heat transfer
depend on six independent parameters, namely, the
wall-to-fluid conductivity ratio K, the dimensionless
wall thickness f§, the wall-to-fluid thermal diffusivity
A, the outside Nusselt number Nu,, the Peclet number
Pe, and the dimensionless cooling length L. While
computations can be conducted for any combination
of these parameters, the objective here is to present a
simplification of the transient conjugated heat transfer
which takes into account the heat capacity and wall
conduction effects. In the following, both the cooling
length L and Peclet number Pe are fixed to be 10.

Although the local Nusselt number is traditionally
considered in the presentation of convective heat
transfer results, the local Nusselt number is not a
convenient design parameter in the study of con-
jugated heat transfer [16]. Instead, the interfacial heat
flux distributions contain more meaningful informa-
tion. The unsteady axial distributions of the interfacial

heat flux Q; are shown in Fig. 2 for K =10, § = 0.2,
A = land Nu, = 1 at various instants of time. Inspec-
tion of Fig. 2 reveals that a substantial amount of
heat flux occurs along the upstream of the cooling sec-
tion. As expected, Q.,; curves drop off with increasing
upstream distance. In the initial transient, only a small
amount of energy is dissipated upstream. As time
increases, the magnitude of heat flux becomes larger,
and the thermal diffusion penetrates further upstream.
In the directly cooling region (0 < X < L), Q. is small
but rather uniform in the X direction during the early
transicnt (1 < 0.320). The small Q. is apparently due
to the thermal lag of the system. The uniformity of Q,;
indicates that heat transfer in the flow is conduction-
dominant at small 7. In fact, the time at which the
heat transfer process at any position x is influenced
by the convection of the fluid from the channel
entrance is about x/u,,,.. In dimensionless variables,
{ = X/Up., becomes 1 =8X/(3P¢). Hence, for
7 = 0.32, the conduction-dominated portion is limited
to X = 1.2. Later (t = 1.111), convection in the flow
becomes important and Q,; is non-uniform in the X
direction. Except in the region near the exit end of the
cooling section (X = L), Q,; in the cooling section
gradually rises from zero to a maximum value with
time. After reaching the maximum, Q,,; decreases until
it reaches the steady-state value. In the neighborhood
of the exit end of the cooling section, Q,; shows a
drastic change in the flow direction at different
moments of time. Q,; is positive when 7 < 0.320, but

F1G. 2. Transient axial distributions of interfacial heat flux.
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FiG. 3. Transient temperature profiles for various axial
locations.

becomes negative for r > 1.111, that is, heat transfer
is now from the wall to the fluid. This reversal in heat
transfer direction is caused by the conjugated nature
of the wall conduction and flow convection processes.
As 7 is small, heat transfer is mainly confined in the
wall region by conduction for X > 3t- Pe/8. Hence
the wall temperature is below the fluid temperature
and heat transfer is from the fluid to the wall. At a
later instant, convection in the flow becomes sub-
stantial and the fluid temperature is lower than the
wall temperature resulting heat transfer from the wall
to the fluid, as is evident in Fig. 3(c). For a large t
approaching the steady-state (7 = 321.39), the wall
temperature again is below the fluid temperature and
heat transfer direction is then normal from the fluid
to the wall. This complicated change in the wall and
the fluid temperature with time in the downstream
can be more clearly illustrated by the variations of
temperature profiles given in Fig. 3(c). It is note-
worthy in Fig. 3 that in the cooling section the tem-
perature gets to the steady-state value quickly, relative
to the upstream and downstream regions of the
cooling section.

Aside from the interfacial heat flux which is an
important aspect of thermal interactions between the
fluid and the wall, the results for axial distributions of
interfacial and bulk temperatures are more descriptive
from the viewpoint of understanding the energy trans-
port processes in the system. Hence, to improve our
understanding, Fig. 4 gives the results for 0,,; and 0,
As mentioned above, in the early transient period, the
heat transfer mode is predominated by heat conduc-
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F1G. 4. Unsteady axial variations of interfacial and bulk
temperatures.

tion. This causes flat curves of 8,; and 8, in the region
of direct cooling. But the quantity of heat transported
by axial conduction from the insulated section is very
small so that the values of 8, and 6, are small in the
insulated portion near the entering end of the cooling
section. With time elapsing, the effects of both the
convection in the flow and the conduction in the wall
increase, resulting in significant increases in 6,; and
0, at the initial portion of the region (X < 0). This
portion gets larger with time.

To examine the influences of the wall-to-fluid con-
ductivity ratio K, the axial distributions of Q.;, 0.,
and 6, are shown in Figs. 5 and 6 at various instants
of time for K = 1. Particularly noticeable differences
between Figs. 2 and 5 or Figs. 4 and 6 are that the
heat penetration by the axial conduction in the chan-
nel wall becomes much smaller for K= 1 and the
time period to get steady-state is much shorter for
K = 1. This can be readily understood by recognizing
that for a smaller K (=Apyc,/prc,r) with 4 fixed,

z»
2 @*2 X
oII

ol
o
a3t
&

-5

FiG. 5. Effects of the wall-to-fluid conductivity ratio K on
the unsteady axial distributions of interfacial heat flux.
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Fii. 6. Effects of the wall-to-fluid conductivity ratio K on
the unsteady axial variations of interfacial and bulk tem-
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the heat capacity for the wall p,c,, is smaller by
comparison with that for the fluild. Therefore a
reduction in K results in less energy storage capacity
of the solid wall and thus shortens the thermal lag in
the system.

Next, the effects on the wall thickness f on the
conjugated heat transfer are now examined. Figure 7
presents the predicted Q,; with a thicker wall, # = 0.5.
Comparison of Figs. 2 and 7 shows that when the
wall becomes thicker, the heat penetration along the
upstream end of the cooling section gets more sig-
nificant because in this case larger cross-sectional area
is provided for axial wall conduction. The energy stor-
age capacity of the wall is larger for a larger f8, causing
the system to reach the steady state in a longer time
period. In addition, it is found that the value of Q,,; at
7 = 0.32, when the heat conduction is still dominant, is
larger for the case with a thinner wall (8 = 0.2). The
above outcomes are clearly due to the fact that the
total thermal resistance and heat capacity of the wall

F1G. 7. Effects of the dimensionless wall thickness § on the
unsteady axial distributions of interfacial heat flux.
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FiG. 8. Effects of the wall-to-fluid thermal diffusivity ratio 4
on the unsteady axial distributions of interfacial heat flux.

are smaller for a thinner wall so that the heat supplied
from the wall-fluid interface is easily transported to
the outer surface of the channel. Consequently, the
presence of the channel wall has a prominent influence
on the characteristics of unsteady heat transfer, and
thus the wall effects cannot be neglected for transient
heat transfer probliems.

In Fig. 8, the effects of the wall-to-fluid thermal
diffusivity ratio 4 on the distributions of O, are given
for A = 0.1 at various instants of time. These curves
are very different from those in Fig. 2. Comparing the
results in Figs. 2 and 8 indicates that a reduction in A4
from 1| to 0.1 results in a much larger thermal lag.
This is due to the fact that for a smaller 4 (=a,/a;)
heat diffusion in the wall is at a slower pace. Moreover,
there is a significant difference between the results for
Q.. in Figs. 2 and 8—the magnitude of the negative
Q.. in the insulated portion near the exit end of the
cooling section for the case with 4 = 0.1 is greater
than that for the case with 4 = 1. The larger heat
transfer reversal is due to the fact that for a smaller 4
the heat capacity of the wall is relatively larger, and
thus the temperature penetration by axial conduction
in the insulated solid wall to the adjacent cooling
section is much slower than the energy transport by
the forced convection from the flowing fluid in the
cooling section. Note from these two figures that no
matter what A4 is, the steady-state distributions of the
interfacial heat flux are all the same.

The last parameter to be discussed is the outside
Nusselt number Nu,. Plotted in Fig. 9 are the dis-

1.2

0.9

0.6
Qwi

FiG. 9. Effects of the outside Nusselt number Nu, on the
unsteady axial distributions of interfacial heat flux.
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tributions of Q,,; at various instants of time for
Nu, = 10. The curves are similar to those for Nu, = 1
(Fig. 2). But there are noticeable differences between
them. The time variations of Q,,; are more drastic for
Nu, = 10 at a given axial location. In addition, the
flow reaches steady-state faster for Nu, = 10. This is
solely attributed to the increase in Nu, which can
enhance the transverse diffusion process.

Note that a quantitative criterion which indicates
when one can safely neglect axial conduction within
the wall and the fluid can be obtained from the results
of the steady-state conjugated heat transfer. In ref.
[1], it is pointed out that the axial conduction in the
fluid can be ignored as the Peclet number Pe is greater
than 100. Moreover, the results of Faghri and Spar-
row [5] show that as Pe = 50, the effect of axial wall
conduction on the interfacial heat transfer is negligible
for K+ f < 0.25 under the thermal boundary condition
of uniform wall heat flux.

CONCLUSIONS

Transient conjugated heat transfer in a channel with
convection from the ambient has been numerically
studied. The influences of the governing parameters,
i.e. the wall-to-fluid conductivity ratio K, the dimen-
sionless wall thickness f5, the wall-to-fluid thermal
diffusivity ratioc A4 and the outside Nusselt number
Nu,, have been investigated in great detail. The major
results can be briefly summarized as follows:

1. In the cooling section, the interfacial heat flux Q.
rises from zero to a maximum value with an increase in
time. After reaching the maximum, Q,,; decreases until
it reaches the steady-state value. The unsteady vari-
ations of Q,; considerably deviate from the cor-
responding steady-state values, especially in the imitial
transients.

2. The wall conduction plays a significant role in a
transient conjugated heat transfer problem.

3. The time required for the heat transfer to reach
the steady state condition is longer for the system with
larger  and K or with smaller 4 and Nu,.

4. The extent of the heat penetration in the
upstream region of the cooling section increases with
K and §.

5. In the design of heat exchangers operating at high
pressures where channel walls need to be thick, one
must account for the conjugated heat transfer
phenomenon as well as the associated transients dur-
ing startup or shutdown, or during a change in the
operating conditions. )
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